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Abstract. Classical Schur analysis is intimately connected to the the- 
ory of orthogonal polynomials on the circle 43!. We investigate here the 
connection between multipoint Schur analysis and orthogonal rational 
functions. Specifically, we study the convergence of the Wall rational 
functions via the development of a rational analogue to the Szego the- 
ory, in the case where the interpolation points may accumulate on the 
unit circle. This leads us to generalize results from [221 IIP) , and yields 
asymptotics of a novel type. 



Introduction 

The theory of orthogonal polynomials, with respect to a positive mea- 
sure on the line or the circle, currently undergoes a period of intensive 
growth. To hint at recent advances, let us quote the papers by Killip-Simon 
[24:\ . Martmez-Finkelstein et al. [32], Mina-Diaz Kuijlaars et al. [27j . 
McLaughlin- Miller, [31], Lubinsky [29] and Remling [41j . A comprehensive 
account of many late developments in the field can be found in the mono- 
graph by Simon [33]. Let us mention in passing that, over the same period, 
non-Hermitian orthogonality with respect to complex measures, which is 
intimately connected with rational approximation and interpolation, made 
some progress too; see, for example, Aptekarev [2], Aptekarev-Van Assche 
[S], Baratchart-Kiistner-Totik [7j and Baratchart-Yattselev |8j. 

The connection between orthogonal polynomials on the unit circle and the 
Schur algorithm is an old one. Recall that a Schur function is an analytic 
map from the open unit disk into itself. The Schur algorithm, introduced by 
Schur and Nevanlinna [421 [35] , associates to every Schur function a sequence 
of complex numbers of modulus at most one, called its Schur (or Verblunsky) 
parameters. Since the mise en scene of the present article unfolds mainly in 
the framework of the Schur analysis, we shall call the parameters "Schur", 
although the term "Verblunsky" seems to be more fair historically, see Si- 
mon [431 Sect. 1.1] for a discussion. These parameters may be viewed as 
hyperbolic analogues of the Taylor coefficients at the origin. They generate a 
continued-fraction expansion of the function, whose truncations give rise to 
the so-called Schur approximants. These are hyperbolic counterparts of the 
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Taylor polynomials, see definition (j0.2p to come. Now, an elementary linear 
fractional transformation puts Schur functions in one-to-one correspondence 
with Caratheodory functions, i.e. analytic functions with positive real part 
in the disk, which are themselves in bijection with positive measures on the 
circle via the Herglotz transform. A long time ago already, Geronimus and 
Wall observed the remarkable identity between the Schur parameters of a 
function and the recurrence coefficients of the orthogonal polynomials associ- 
ated to the corresponding measure [191 H5j. However, only relatively recently 
was it stressed by Khrushchev [22l [23] how properties of the measure, that 
govern the convergence of the corresponding orthogonal polynomials, are 
linked to the convergence of the Schur approximants on the unit circle. 

It must be pointed out that the Schur algorithm is among the seldom 
procedures preserving the Schur character in rational approximation; equiv- 
alently, it yields Caratheodory rational approximants to Caratheodory func- 
tions on the disk or the half-plane. This feature is of fundamental im- 
portance in several areas of Physics and Engineering, where the Schur or 
Caratheodory nature of a transfer function is to be interpreted as a passiv- 
ity property of the underlying system. Moreover, in such modeling issues, 
the relevant norms take place on the boundary of the analyticity domain, 
that is, on the circle or the line, see e.g. [521 El El 110] ■ This is why the 
results by Khrushchev are of significance from the applied viewpoint as well, 
which was one incentive for the authors to undertake the present study. This 
motivation is illustrated in the doctoral work by V. Lunot [3U| . 

Unless the Schur function to be approximated possesses some symme- 
try, though, there is no particular reason why Schur approximants should 
distinguish the origin. It is thus natural to turn to multipoint Schur ap- 
proximants, that play the role of Lagrange interpolating polynomials in the 
present hyperbolic context, see definitions (jO.ip and (j0.2p to come. The role 
of orthogonal polynomials is then played by orthogonal rational functions 
with poles at the reflections of the interpolation points across the unit cir- 
cle. Orthogonal rational functions, pioneered by Dzrbasjan [13], were later 
studied by Pan [38] and considerably expanded by Bultheel et al. [10], see 
also Langer-Lasarow [28j . The last two references stress the connection with 
the multipoint Schur algorithm, and the comprehensive exposition in [lOj . 
which contains further references, presents an account of Szego asymptotics 
when the interpolation points are compactly supported in the disk. 

The present article is concerned with the so-called determinate case (see 
condition ()0.3p ) when the interpolation sequence may have limit points on 
the circle, and its purpose is two-fold. On the one hand, we derive analogues 
of Khrushchev's results [22] on the convergence of Schur approximants in 
the multipoint case, and on the other hand we present a counterpart of 
the Szego theory for the associated orthogonal rational functions. We limit 
ourselves to regular measures on the circle, whose density does not vanish at 
limit points of the interpolation sequence, and we do not touch upon what is 
perhaps the most important issue, namely how to choose the interpolation 
points in an optimal fashion as regards convergence rates. Nonetheless, the 
present paper seems flrst to propose asymptotics when the interpolation 
points approach the unit circle. 
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Anyone writing on the subject faces the difficulty of expounding the maze 
of formulas on which research can dwell. Our choice has been to give a terse 
summary of what we use, along with references. 

0.1. Definitions. Let B be the open unit disk and T the unit circle. A 
function / is called Schur if it belongs to the unit ball of the Hardy space 
i.e. if / e i7°°(D) and ||/||oo < 1. The collection of Schur functions 
is called the Schur class, indicated by S. 

The multipoint Schur algorithm goes as follows. Let (ofc), for G N, be 
a fixed sequence of points in D. We set oq = by convention. Define the 
elementary factor Cfc by 

(0.1) Ck{z) 



1 - akz 



and put for / G 5, A; > 0, 
(0.2) 



/o — /, 

7fc = fk{ak+i), 
f fk-lk 

Jk+l 



Cfc+1 1 — Ikfk 



We call fn the Schur remainder of / of order n. The Schur convergent, 
or Schur approximant to / of order n, is defined from (|0.2|) by formally 
computing / in terms of fn+i and 7fc for < A; < n, and then substituting 
fn+i = in the resulting expression. 

It is a straightforward consequence of the maximum principle, that the 
algorithm stops at some finite n {i.e. that is an unimodular constant) if 
and only if / is a Blaschke product of degree n, namely a rational function 
in S which is unimodular on T: 

where /3j E B, |c| = 1. Throughout the paper, we assume that this is not the 
case, so that the Schur algorithm, when applied to / with some sequence 
(ctfc), produces an infinite sequence (fk)- By the maximum principle, it is 
easily seen that fk is in turn Schur. The complex numbers ■jk appearing in 
the algorithm are called the Schur (or Verhlunsky) parameters of /, and our 
assumption that / is not a finite Blaschke product is equivalent to the fact 
that 7fc G B for all k. 

The case where = 0, originally considered by Schur [42J and subse- 
quently studied by many authors, will be referred to as the classical Schur 
algorithm. Thus, in the classical case, = and Ck{z) = z for all k, as 
opposed to the multipoint version above where (a^) may distribute arbitrarily 
in D. 

It is clear from (|0.2p (this is formalized in Proposition II. 2p that 7^ is 
completely determined by the interpolation values f^^\ai) with < j < 
ni — 1, where ui is the multiplicity of in the sequence (a£)i<£<A;+i and 
the superscript (j) indicates the j-th derivative. In order for the Schur 
approximants to actually converge to /, it is thus necessary that the sequence 
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(ofc) be a uniqueness set in i7°°(B). This is equivalent to the negation of 
Blaschke condition: 

(0.3) ^(l-|afc|) = +oo. 

k 

Of importance to us will be the equivalence of (j0.3p with the density of 
rational functions having poles at the points (l/ofc) in every Hardy space 
HP{B), 1 < p < oo, as weU as in the disk algebra ^(B) [U App. A]. 

Next, we recall a basic construction relating the classical Schur algorithm 
to orthogonal polynomials on T, see e.g. [22\ I43j. For a Borel probability 
measure on T, we let fiac and Hs respectively be its absolutely continuous 
and singular components with respect to m, the Lebesgue measure given by 
dm{t) = dt/{2TTit) = -^dO where t = e^^ £ T. We further put /i' = d^Xac/dm 
so that d/i = fi'dm + dfis- 

To / G 5, we associate two probability measures /i, /2 on T by the relations 

/ .N^/N ^ + zf f t + Z ^ , . I — zf f t + Z , , . 

(»■") W -T^f = l — W. = YT7f = i — (t). 

Clearly is a Caratheodory function, i.e. ReF(z) > 0, z € B; moreover 
-F(O) = 1. We call the Herglotz transform of /i, and the representation 
(|0.4p is possible because every Caratheodory function is uniquely the Her- 
glotz transform of a finite positive measure. Prom the Fatou theorems \25\ 
Ch. I, Sect. D], we note that 

1 - I f P 

(0.5) /x' = ReF^ = lim ReFf,{re''') = +oo, 

\^ ~ Zj\ r^l 

m-a.e. and /i^-a-e., respectively. Similar considerations hold for fl. 

Let {(pn) and {ipn) be the orthonormal polynomials with respect to n and 

(0.6) / (I}n4>mdl^ = Snm, / Ipni'mdfj' = Snm, 

here 6nm is the Kronecker symbol. Our assumption that / is not a finite 
Blaschke product means that fj, and jl have infinite support, therefore (pm i^n 
have exact degree n. The sequences (0„) and {^pn) are called respectively 
the orthonormal polynomials of first and second kind associated with 
Clearly (pn and ipn are unique up to a multiplicative unimodular constant. 
We normalize them so that their respective leading coefficients kn and k'^ 
are positive. 

For a polynomial 4> of degree n, put (p*{z) = z^(j){\/z). This is again a 
polynomial of degree n. Note that kn = (pni^)- The coefficients 



(0.7) 7„ = 7„(/i) = 

kn+l 

are called the Geronimus parameters associated with (0„) (or with fi). 

The following remarkable theorem, named after Geronimus, was proven 
almost simultaneously by Geronimus [19] and Wall 



Theorem. Let f £ S. If = 0, the Schur parameters and the Geronimus 
parameters coincide, i.e. 7n = 7n) n > 0. 
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Since trading /x for fi is tantamount to change / into — /, a corollary is 
that 7(/x) = -7(/i). 

We turn to the multipoint version of Geronimus' theorem, which is due 
essentially to Bultheel et al. [LO^ although the first explicit statement is 
apparently in Langer-Lasarow [28]. For this, orthogonal polynomials need 
to be generalized into orthogonal rational functions whose construction we 
now explain. Define the "partial" Blaschke products Bk by 

(0.8) Boiz) = 1, Bk{z) = Bk-iiz)Ckiz), 

where Ck is given by (jU.ip and k > 1. The functions {Bo,Bi, . . . ,Bn} span 
the space 

(0.9) Cn=l— : M^) = - akz), p„ G I , 

I ^" k=l ) 

where Vn stands for the space of algebraic polynomials of degree at most n. 
In the classical case, that is when = for all /c, coincides with Vn- 

Given a function we introduce the parahermitian conjugate defined 
by g*{z) = g{l/z). Observe that \g^f\ = 1^1 on T and that Cn* = Cn~'^, 
Bk^ = Bk~^. For g € we set g* = Bnf*; clearly, g* G There is no 
notational discrepancy since in the classical case the star operation agrees 
with the definition we gave before. Put Bn,i = YVk=i Cfc- Each g £ Cn can be 
uniquely decomposed in the form 

9 = CLnBn + an-lBn-l H h ttiBi + Oq, 

and then 

g* = aoBn,l + aiBn,2 + • • • + a„_2^n,n-l + 0'n-lBn,n + O^n- 

It is plain that = g*{an) and ao = g{ai). 

Now, pick a Schur function / which is not a Blaschke product, denote its 
Herglotz measure by /i (|0.4p . and consider as a subspace of L'^{fJ-)- This is 
possible since has infinite support. Let {(j)k)o<k<n be an orthonormal basis 
for Cn such that (po = 1 and </>fc G £fc \ Ck-i- Such a basis is easily obtained 
on applying the Gram-Schmidt orthonormalization process to Bq, Bi, . . . , Bn- 
We customary write 

(0.10) (/)„ = KnBn + an,n-lBn-l + • • • + an,lBi + ttnfiBo, 

where k„ = (pni<^n)- 

Definition 0.1. The functions {(pk) called the orthogonal rational func- 
tions of the first kind associated to (a^) and ^. 

The (V'n) arising from embedding £„ to L^ijj) are called the orthogo- 
nal rational functions of the second kind. Clearly, the orthogonal rational 
functions {(pn)^ (V'n) defined in (jO.lOp reduce to the orthonormal polynomials 
from (|0.6p in the classical case. 

Generically, the dependence on the nodes (q^) and the measure (j, will be 
omitted. The words "orthogonal rational function" will be abbreviated as 
ORF or OR-function. 
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The definition of the Geronimus parameters (7^) for OR- functions is 



Note we do not define 70 and there is a shift of index as compared to ()0.7p . 

It is quite nontrivial that one can relate the Schur algorithm (|0.2p and 
the ORFs (jO.lOp in the multipoint case as well: 

Theorem ([T0",'28]). Let (ak), / £ 5, and the ORFs {(j)n) he as above. Then 
the multipoint Schur and Geronimus parameters coincide, i.e. 7^ = 7^+1- 

We prove this fundamental result in Section[2]for the sake of completeness. 

0.2. Discussion of the main results. The convergence properties of the 
Schur approximants and of the ORFs {4>n) are the main address of the 
present work, which is in part inspired by the results obtained by Khrushchev 
[22j . To better see the parallel between the classical and the multipoint 
case, we give below a sample of results from [22j in the classical situation, 
and have them followed by their multipoint counterparts, numbered with a 
prime superscript; we connect these counterparts to the forthcoming results 
in between parentheses. 

We say that a measure /i is Erdos, iff /z' > a.e. on T. This is equivalent 
to say that |/| < 1 a.e. on T. 

Theorem 1 (|22j. Theorem 1). Let f £ S and fi be its Herglotz measure. If 
ak = 0, then fi is Erdos if and only if the Schur remainders fn satisfy 



The next result is stated in terms of the classical Wall polynomials A^, 
of / [251 Sect. 4], obtained from Definition 11.51 below by setting = 0. By 
definition of the Wall polynomials, the ratio A^/Bn is the Schur approximant 
to / of degree n. Recall that the pseudohyperbolic distance on D is defined 
as p{z,w) = \z — w\/\l — wzl, z,w GlD). 

Theorem 2 (^22j, Corollary 2.4). A measure fi is Erdos if and only if 



We shall see that, in the multipoint situation when the sequence (a^) 
accumulates on the unit circle, the conclusions of Theorems 1 and 2 get 
localized around the accumulation points of (a^) on T so that L^-norms get 
weighted by the Poisson kernel at On+i- This is why, somewhat reminiscently 
of the Fatou theorem, we put extra-conditions on /x, locally around such 
points, to derive convergence properties. Namely, let Acc{ak) = (afc)\(afc) 
be the set of accumulation points of (afc)i the bar (or clos (.)) stands for the 
closure of a set. The following assumptions play an important role in our 
proofs 





(0.11) 
(0.12) 
(0.13) 



fi' £ C{0{Acc{ak)r\T)), 
fi' >0 on 0{Acc{ak) n T) 
{Acc{ak) n T} C T\ supp fi. 
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where, for A C T, 0{A) designates an open neighborhood of yl in T and 
C{A) is the space of continuous functions on A. The closed support of fis is 
denoted by supp/U^. When the sequence (ok) accumulates nontangentially 
on Acc{ak) D T, meaning that every convergent subsequence to ^ G T tends 
to the latter nontangentially, two weaker substitutes for (jO.lip . ()0.12p are 
also of interest: 

(0.14) each ^ G Acc{ak) n T is a Lebesgue point of /i', 

and fi'iO > 0; 

(0.15) n' is upper semicontinuous, 0<5</i'<M<cxDon 

O {Acc{a k) CiT), and each ^£Acc{ak)riT is a 
Lebesgue point of log/i'. 

From (jO.Sp . we see that (jO.lip and (|0.12p may be ascertained in terms of /, 
namely / e C{0{Acc{ak) n T)) and |/| < 1 there, while {Acc{ak) n T) C 
T\dos{z : zf {z) = 1}. 

The multipoint analogues of the previous theorems go as follows. 

Theorem 1' (Corollary [33]and TheoremgJ]). Let (jOSl), (|aTT]) - (|nn hold, 
and I /I < 1 a.e. on T. Then 

lim j \fk\'^P{.,ak)dm = 0. 

If (o/fc) accumulates nontangentially on Acc{ak) D T, then one can replace 
hypotheses ()aTT]) and ([0T2]) with (fOTij) . 

Above, P{., ak) is the Poisson kernel at on B (jOTH]) . Denote by W1'P{T) 
the Sobolev spaces on T (see Section 10.31 for more details). Recall that 
{An), {Bn) are the Wall rational functions from Definition 11.51 corresponding 
to / G 5. 

Theorem 1". Let fi be absolutely continuous with fi' S W^~^^^'P{T) for 
some p > A, and fi' > on some neighborhood 0{Acc{ak) D T). Then 



lim 

n 

Remarks on the converse to Theorem 1' follow Theorems 13.21 [3^ 
Theorem 2' (Theorem 14. 2p . Assumptions being as in Theorem 1', we have 

lim/ 4^) P(.,afc+i)(im = 0. 

The final point of the paper is to carry over the Szego theory to the 
multipoint setting. Recall that a measure ji is called Szego (notation: /i S 
(S)) iff log//' G L^(T). For /i G (S), the associated Szego function S is 

(0.16) S{z) = 5M(z) := exp {\ [ log ^'dm(t) 

The function S given by (j0.16p is the so-called outer function in if^(D) such 
that l/Sp = fi' a.e. on T, normalized so that ^(O) > 0. 
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The first version of the next theorem, which addresses the classical case, 
was proven by Szego [H] . Subsequent improvement were obtained by Geron- 
imus [20], Krein [26], and others; see Simon [33] for the discussion and a full 
list of references. Some of the latest improvements are due to Nikishin- 
Sorokin [36], Peherstorfer-Yuditskii [39]. A generalized version of Szego 
condition is treated in Denisov-Kupin [HI [15] . 

Theorem 3. Let fi S (S) and {(pn) be the corresponding orthonormal poly- 
nomials (|(J.6|) . Then 

• limn(5'0* )(0) = 1; more generally, lim„(50*)(z) = 1 for z GlS). 

l2. 



lim 

n 



T 



- l\^dm = 0. 



Moreover, G (S) if and only if 

hm / q3 

" Jt 



f, 



A, 

Br, 



dm = 0, 



where ^(., .) is the hyperbolic distance on D ()4.ip . Equivalently, 



lim 

n 



log{l -\fn\^) dm = 0. 



The last assertion of the theorem concerning the hyperbolic distance is 
from Khrushchev [22], Theorem 2.6. 

A multipoint analogue to the previous theorem when (a„) is compactly 
supported in D is Theorem 9.6.9 from Bultheel et al. [lOj : its generalization 
to sequences (afc) meeting (jU.3|) is given below. It is more difficult and 
requires some preparation. It relies on a priori pointwise estimates of {4>n) 
(see Proposition 15. 6p . that play here the role of classical bounds by Szego 
and Geronimus [44, Ch. 12], [20^ Ch. 4]. Such estimates are new even in 
the polynomial case, as they handle some situations where n' may vanish. 
Their proof in turn depends on 3-estimates and Sobolev embeddings. As 
compared to the case where (a^) is compactly supported in D, the result 
below is of new type in that S4>^ is asymptotic to a normalized Cauchy kernel 
at the last interpolation point, which is unbounded when (a^) approaches 
T. Here is a combination of Theorem 14.31 Theorem 15.81 and Corollary 15.131 
to come: 



Theorem 3'. Let ([03]), ()aTT]) - (faT3l) be in force, with fi G (S). Then 

• lim„ 10* (a„)p|S'(a„)p(l — |anP) = 1/ rnore generally, for any se- 
quence (zn) C B, it holds 



0, 



lim { (|)l{Zn)S{Zn)^/T^^\Zr^ - , _ 

" [ 1 - anZn I 

where /3„ = (S'(/)*)(a„)/|(S'0*)(a„)|. In particular, for a fixed z G D, 



Hm \ ; 



dr. 



n ^ 1 - OnZ 

We also have 



lim 



dr. 



1 — UnZ 



0. 



0. 
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Moreover 

2 



lim / P(.,a„+i)dm = 0, 

in particular 

lim / log(l- |/„|2)P(.,a„)dm = 0. 



If (offc) accumulates nontangentially on Acc{ak) H T, then one can replace 
mJTh and dm by 

It would be interesting to know how much these assumptions can be 
relaxed. In particular, we shall give an example where the conclusion of 
Theorem 3' holds although (jU.12p fails. 

The paper is organized as follows. The multipoint Schur algorithm, its 
connections to continued fractions, the Wall rational functions and the Schur 
parameters are discussed in Section [TJ Section [2] introduces the ORFs 
((/>„), (ipn), and expresses them through Geronimus parameters and transfer 
matrices. The construction is then used to prove Geronimus' theorem and 
its corollaries. Although we use a different normalization, by and large, the 
content of Section [2] is borrowed from Bultheel et al. |10]. The convergence 
of Schur remainders and Wall RFs is studied in Sections [3] and [H Section [5] 
is devoted to the discussion of the Szego-type theorem and its corollaries. 

0.3. Some notation. As already mentioned, the closure of ^ C C is in- 
dicated by clos A or A, while 0{A) designates an open neighborhood of A 
in T. The normalized Lebesgue measure on T is denoted by m, and the 
measure of ^ C T is denoted by |^|. We put C{A) for the space of con- 
tinuous functions on A. The symbol ||.||p stands for the usual norm on the 
Lebesgue space U'{T), 1 < p < oo; when p = 2, the subindex is usually 
dropped. The classical analytic Hardy spaces of the disk are denoted by 
i?^(D),l < p < oo, and A(I}) is the disk algebra, comprised of analytic 
functions in D that extend continuously to B, endowed with the sup norm. 
Standard references on the subject are the books by Duren [16], Garnett 
[18] , Koosis [25], from which we often quote basic facts without further ci- 
tation. In particular, //^-functions have well-defined nontangential limits in 
L^(T), and we use the same notation for the function in ID and its trace on 
T. 

Every real- valued ip G L^(T) is m-a.e. the real part of the nontangential 
limit of the complex analytic function 

(0.17) F^{z) = f ^-^^{t)dt, zGB, 

which is called the Herglotz transform of (p. The map sending ip to the imag- 
inary part of is the conjugation operator, denoted with the superscript 
i.e. = if + i(p; it extends linearly to complex- valued functions. By 
a theorem of M. Riesz, the conjugation operator acts on U'{T), 1 < p < oo. 
Moreover, since it is of convolution type, it commutes with d/\dt\ and inte- 
grating by parts one sees that it also acts on W^'P{T), the space of absolutely 
continuous functions with derivative on T. 
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The Poisson kernel on B is 

(0.18) P{z,w)=PUz) = {l-\w\^)/\z-w\^, 

where z £ T,w £ O. 

We shah need some basic facts from Sobolev space theory for which we 
refer the reader to Adams- Fournier yy. In particular, for / C T an open arc, 
those ip for which 

p 

dm{t)dm[t') < oo, 

with 1 < p < oo, form the fractional Sobolev space W^-^/'P^'P{I) (that co- 
incides with the Besov space i?^-'/^'^(/)). It is a real interpolation space 
between W'^'P{I) and LP(/): W^-^/p^p{I) = [W'^'P{I),LP{I)]i/p, that embeds 
compactly into LP{I). By interpolation [1, Sect. 7.3.2, Theorem 7.3.2], the 
conjugation operator also acts on W^^^^/^'^iT). 

When h is defined on E' C C and < a < 1, we say that h is Holder 
continuous of exponent a if there is a constant C > such that \h{t) — 
h(t')\ < C\t - t'l" for ah t,t' £ E. We then write h £ Ha{E). Note 
that Hail) C T^1"Vp,p(/) if l< p < 1/(1 - a). By the Sobolev embedding 
theorem [H Theorem 4.12], it holds conversely that M/1-Vp,p(/) c Hi_2/p{I) 
for p > 2. 



(0.19) 



t-t' 



1. Wall rational functions 

In this section we rewrite Section 4 from |22j for the multipoint case. The 
presentation is very close to the original, and only some technical details are 
different. Roughly speaking, one mainly has to replace with Bn] that is 
why we generically give results accompanied by precise references to [22] and 
omit the proofs. We start recalling basic definitions on continued fractions 
16]. 

A continued fraction is an infinite expression of the form 

Oo + 



bi + ^ 



62- 



''3 + 

We conform the more economic notation 

, oi 02 03 
° ^ 61 + b2 + 63 + ■ ■ ■ • 

For any complex- valued uj, we let to{uj) = bo + uj and, for A; > 1, 

tk[u}) = T— — . 
bk + u} 

By definition, the n-th convergent Pn/Qn of the continued fraction is 

Qn 61 + 62 + + 0„ 
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Proposition 1.1 ([22\. relations (3.2)-(3.4)). The quantities Pn andQn can 
be computed according to the recurrence relations: 

P_i = l,Q-i = 0, 
Pq = bo, Qo = 1, 
Pk+i = bk+lPk + flfe+i-Pfc-i 
Qk+l = bk+lQk + dk+lQk-l 

for k > 0. More generally, 

Pn-l^ + Pn 



n 



to o ti O • • • O tn{oj). 



First we record tlie following fact. 

Proposition 1.2. For k > 1, ^k depends only on f^^\aj), 1 < j < + 1, 
< i < rrij, where rrij is the multiplicity of Uj at the k-th step, i.e. rrij is 
the number of times the value of Uj enters (az)i<Kfc+i- 

Proof. Noticing in case of repetitions that fj{ctj) = /j-i(Qj) 

the proof is immediate by induction on (j0.2p . □ 

We now rewrite the recursive step of (j0.2p as 

n n f ^, M (1 - l7fc-iP)Cfc 

7fc-iCfc + 

For u G ]D)\ {0}, set 

(1 - iTfeHa+i 



(1.2) Tkiuj) = Tk{uj,z) := -fk+ _ ^ , 

IkQk+i + ^ 

and put rfc(O) = 7^. Hence, fk = Tk{fk+i) and 
(1-3) / = To o n o • • • o r„,(/„+i). 

In a way reminiscent of how we defined Pn/Qn, we obtain the Schur conver- 
gent Rn of degree n upon replacing by in that is, 

(1.4) i?„ = tq o n o • • • o 7:„_i o r„(0) = ro o n o • • • o r„_i(7„). 

Proposition 1.3. T/ie rational function i?„ interpolates f at (afc)i<fc<n+i; 
counting multiplicities, and their first n + 1 Schur parameters coincide. 

Proof. Note that Tjfc(a;, a^+i) = jk is independent of u. Thus, for < A; < n, 

/("fe+l) = To o ■ ■ ■ o Tk{Tk+l o ■ ■ ■ o Tn{fn+l),ak+l) 

= To o • • • o rfc(rfc+i o • • • o r„(0),Q!fe+i) 
= Rn{ak+i)- 

Consequently, i?„ interpolates / at the point ak+i. 

The remaining part of the claim is proven by induction. The base of 
induction being obvious, suppose that the k first Schur parameters of / and 
Rn coincide. Then, denoting Rn\ . . . r\^'^ the Schur remainders of Rn, we 
see that Rn^ = Tj^\ o • • • o TQ~^(i?„), and 

i?[fl(afc+i) = T^\o...oT^\Rn,ak+i) 
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= Tfc(Tfc+i o • • • o x„_i(7„),afc+i) = 7fc+i. 
Therefore, the k + 1-th Schur parameter of Rn and / coincide. □ 

The Schur algorithm can be readily connected to the continued fractions. 
Indeed, let Pn/Qn be the sequence of convergents associated to 

(l-lToHCi 1 (1 '-''^ 



(1.5) 



70 + 



1 

71 



i7inc2 



7oCi + 71 + 71 C2 

Then, the functions i?„ are none but the P^nlQin- 
For n > 1, we have by Proposition ll.il 

P2n = lnP2n-\ + -^271-2 
Q2n = lnQ2n-\ + Q2n-2 



+ 



(1.6) 



with 



P2n-1 — ln-lCnP2n-2 + (1 " |7n-l P )Cn-P2n-3 
Q2ri~l 



7n-lCnQ2n-2 + (1 " \ln-l\^)CnQ2n-i 



P_i = l, Po = 7o, (3-1 = 0, Qq 
For P2n and Q2n, we easily prove the next lemma. 



1. 



Lemma 1.4 ([22], Lemma 4.1). For n>0, we have P2n+i,Q2n+i £ J~-n+i, 

P2n, Q2n G -^^n and 

P2n+1 = Cn+lQLi Q2?i+1 = Cn+lP2n ■ 

Mimicking [22], formulas (4.5), (4.12), we get 



(1.7) 



Q2n 
P2n 



^2n 
Q2n 



with n > 1. Let us set An 

Rn = An/Bn for Rn- 




Ck 

1 



1 70 
70 1 



Q2n and choose the representative 



Definition 1.5. A„ and Bn are called the n-th Wall rational functions 
associated to the Schur function f and the sequence (ofc). 

In the new notation, the previous relation reads as 

Proposition 1.6 ([22], relation (4.12)). We have 



R* A* 
Dn 

An Bn 



n 

\k=n 



1 7fc 
7fc 1 



Ck 

1 



1 70 
70 1 



The dependence of A„, Bn on / and (ofc) will be usually dropped. For 
convenience, we abbreviate "Wall rational function" as WRF or Wall RF. 

Corollary 1.7 ([22], relations (4.14), (4.15)). The Wall RFs A„,5„ have 
the following properties: 

(1) Bn{z)B*{z) - Aniz)A*niz) = Bn{z)oJn, 

(2) |S„(Op-|A„(OP = c^n onT, 

(3) f{ai) = An/Bn{ai) = B*JA*n{ai), forl<i<n + l, 
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where 



fc=0 



The proof is by taking the determinant in (jl.Sp . 

Proposition 1.8 ([22j, Lemma 4.5). For n > 0, we have 

(1) An, and lie in Cn, 

(2) Bn does not vanish on D, 

(3) An/Bn and A*JB n are Schur functions. 

These preparations bring us to the fohowing important 

Theorem 1.9 ([22], Theorem 4.6). The Wall RFs An and Bn are connected 
to f and fn+i by 

An{z) + Cn+l{z)B;^iz)fn+liz) 



(1.9) 



f{z) 



Bn{z) + Cn+l{z)A*n{z)fn+l{z)' 

The theorem shows that, in Nevanhnna's parametrization of all Schur 
interpolants to / at (afc)i<fc<„_|_i [181 Ch. IV, Lemma 6.1], the value zero 
for the parameter yields Rn = An/Bn while the value fn+i yields /. 

2. ORFs AND Geronimus' theorem 

The results of this section are borrowed from \10\ \TT\ . We formulate the 
results and briefly discuss them for the completeness of presentation; the 
proofs are generically omitted. 

2.1. Orthogonal rational functions. Let // be a positive probability mea- 
sure on T with infinite support. Obviously, £„ is a (closed) subspace of 
L^(/x), and, following [lUJ Ch. 3], we regard it as a reproducing kernel 
Hilbert space. The reproducing kernels for £,n are easily seen to satisfy the 
so-called Christoffel-Darboux relations, which can be interpreted as recur- 
rence relations for the ORFs {(pn)- Namely, we have 

Theorem 2.1 (^, Theorem 4.1.1). For n>l, it holds that 



riz) 

\{z) 



Tn{z) 



(pn-l{z) 



where 

(2.1) Tn{z) 
and 

(2.2) 7„ = 
(2.3) 




1 - an-iz 



I ml 



1 



OLnZ 



1 

-In 



-In 
1 



(/)„(a 



71—1 ) 



(t)*n{a 



71—1 ) 



An 



Cn-l(^) 

1 



1 - anan-1 

1 ^n^n—1 
|1 - anttn-ll 



ij '^n-l 



1 



|'An("n-l)| \H; 



n—1 
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Definition 2.2. We call 7^, given by (j2.2p . the n-th Geronimus parameter 
of the measure fi (with respect to the sequence (ak))- 

Corollary 3.1.4 from [.lOJ says that for z G B, n > 1 

(2.4) Kiz)^0, \Mz)/cPUz)\<l, 

and, consequently, 7^ is well-defined and that |7„| < 1. 

We will normalize 0„ by setting A„ = 1, see ()2.3p . Thus from now on, cpn 
is the orthogonal rational function of degree n satisfying: 



^2-^) -^^ = Ti = lUTf ^1 f = 1- 

This normalization is from Langer-Lasarow [28] . It differs from the one made 
in Bultheel et al. [10], that corresponds to Kn = i?i)*(a„) > 0. However, in 
the classical case, = 0, it is easily checked by induction, that it also 
matches the normalization kn > made in (j0.7p . 

Relations (|2.4p mean that the roots of (pn lie in D. Theorem 12.11 implies 
that the roots of the orthogonal rational functions (pn are, in fact, in B. 
Another useful fact is that the OR- functions {<pk)o<k<nj ^ire orthonormal in 

L2 (Ef^dm), see [TOl Theorem 6.1.9]. 



We already saw a definition of ORFs of the second kind (see the discussion 
following Definition lO.ip . Presently, the OR- functions of the second kind will 
be introduced by an explicit formula: 

V'o = 1, 

^^■^^ ^ Mz) =11^ (Mt) - 4>n{z)) dis{t). 

Jjt-z 

Both definitions turn out to be equivalent (see Theorem l2.6l or \10\ Theorem 
6.2.5]), but the one above is better suited for computations. The next result 
wraps Lemmas 4.2.2 and 4.2.3 from [10], whose proof is a direct computation 
using the orthogonality of {(pn)- 

Lemma 2.3. Let n > 1 and the function g be so that g^ G Cn-i- Then 

f t + z 

i^n{z)g{z) = I {(t>n{t)g{t) - 4>n(z)g{z)) dfj,{t). 

JT<^ — Z 

Similarly, for h such that /i* G we have 

(2.7) - rn{z)h{z) =11^ (Kimt) - <Pn{z)h{z)) d^it). 

Jj 1^ — z 



Recall the Herglotz transform of a measure fi defined in ()0.4p . Plugging 
h = (Bn)* in ()2.7p and using that (pn is ^-orthogonal to constants, we obtain 
at once 

Proposition 2.4 ([llj. Theorem 3.4). Let (pn be the ORF of the first kind 
and ipn he as in ()2.6p . Then 

ON p i'ljz) zBn[z)Un{z) 
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where Un is a analytic function in D given by 

dfi{t) 



(2.9) 



Un[z) 



{4>n)*{t) 



t 



z e 



In particular, ipn/'Pn interpolates at and at the for 1 < k < n. 
The theorem to come is |101 Theorem 4.2.4], with a different normaliza- 
tion. 

Theorem 2.5. The ORFs {(/)n) and the (tpn) from ()2.6p together satisfy: 
(2.10) 

1 



4>n -^l 



1 



1 - anz n„ 



n 

\k=n 



1 -ik 




" Ck-i{z) ■ 




" 1 1 " 


-ik 1 




1 




1 -1 



where n„, = nfc=n \/l — iTfcp- In particular, ipn is in Cn- 
By taking determinants in (|2.10p . we get for z G D 



1 



Or 



(1 - anz){z - an) 



4>n{z)ij^iz) + (l)niz)i^niz) 

and, consequently, for z € T, 

(2.11) M^Wniz) + K{z)Mz) = 2l3niz)P{z, 



zBn{z), 



2.2. Geronimus theorem. The Geronimus-type theorem below is central 
for the whole construction. It seems first stated in [28], but it is implicitly 
contained in [10, Sect. 6.4]. 

Theorem 2.6. Let f G S and fi be the measure associated to f by (|U.4p . 
Then, for k>0, 

7fc+i = 7k, 

where (ik) are the Geronimus parameters defined in ()2.2p and (7^) the Schur 
parameters defined in (|0.2p . 



Thus the Geronimus parameters and the Schur parameters of of a measure 
H coincide. It follows from ()2.10p that (ipn) meets the same recurrence 
relations as (</)„) only with Geronimus parameters — 7„ rather than 7^. Thus, 
we see that the definition of the ORFs of the second kind given in ()2.6p 
coincides with the one made in the introduction. 

Proof. The idea is to compare the recurrence formulas (jl.Sp and ()2.10p . We 
assume the sequence (a^) is simple, i.e. ak 7^ otj for k / j. The proof in 
the general case follows by a limiting argument. By ()2.10p . we have 

Cpn+liz) 1pn+l{z) 



A. 



n+l 




-1 
1 



1 ik 
ik 1 



Ck-i{z) 
1 



-1 
1 



where 



A 



n+l 



I "n+l I 
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Let now Un/Vn be the n-th convergent of the Schur function with Schur 
parameters 7fc := 7fe+i> A; > 0. Proposition ll.6l provides us with the following 
expression for ipn'- 



(t>n+l{z) 



A. 



n+l 



A, 



n+l 



-1 
1 

zv: - u* zv: + u* 

-zUn + Vn -zUn - Vn 











" Co " 




"-10' 




" 1 1 " 






Vn 




1 




1 




1 -1 



Therefore, 



(2.12) 



and 



n+iy 



\J\ - |q„+i| 



\lk\ 



" n ^ n 
-zUn + Vn 



-zUn - Vn 



(2.13) 

Consequently, 



rn, 



Un{z) 



l + z^ 



'Vn 



r+iiz) 



Vn{z) ^VC+lW, 

where ^z{w) = {w — l)/(z{w + 1)). From Proposition \2A\ we get 



Recalling that f{z) = QziF{z)), it follows by Proposition 11.21 that the n + l 
first Schur parameters of the function Un/Vn and of the function / coincide. 

n 



The theorem shows that the functions Un and Vn are equal to the WRFs 
An and Bn corresponding to /. In particular, (|2.12p and (|2.13p imply 



(2.14) 



Wi(^) 



i^n+l{z) 



Or 



l-an+iz UltlV^ 



zb:- 

zAy, 



A* 
+ Bn 



zB* + A* 

zAn, Brj^ 



and 
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2.3. Consequences of Geronimus theorem. Arguing as in [22, Corol- 
lary 5.2], we readily see that the Schur function An/Bn corresponds to the 

P(.,a„+l) r 

measure —rr — Tr-dm. 

The next theorem provides one with a helpful relation between the density 
/i' of the absolutely continuous part of the Schur remainders (/n), and 
the ORFs {(t)n)- It is a counterpart to Theorem 2 from [22], see also [37] . 
Since it is heavily used in the sequel, we give the proof. 

Theorem 2.7. Let {(pn) o-nd (fn) be the ORFs and Schur remainders asso- 
ciated to fi and f, respectively. Then it holds a.e. on T that 

,^ 1-l/nP P(.,«n) 



Proof. From Theorem [T21 we have on T 



1 



An + Cn+lB*fn+l 



Bn + Cn+lA^fn+l 
\Bn + Cn+l^n/n+lP " 



\Bn + U+lA„/„+lP 

Notice that A* 5^ = A^B^ on T, so that 



\An + Cn+lBnfn+l\ 



Cn+lA^fn+lBji + BnCn+lA^fn+l — Cn+ 1 -S * /„+ 1 — AnCn+lB^fn+1 — 0. 

Therefore, on expanding ()2.16p and recalling Corollary 11.71 we find that 



1 



where = HLo (1 



\Bn + Cn+lA*Jn+l\ 



\Bn + Cn+lAnfn+l\ 



Again by Theorem 11.91 we obtain 



zf\' 



1 - 

Br, 



zAn + Cn+lzB^fn+l 



Bn + Cn+lAnfn+1 
- zAn + Cn+lfn+l{Al - zB* 



On the other hand, Theorem 




Bn + Cn+lAnfn+l 

and (|2.14p show 



l-a„ 



hl2 



\/l-|«n + l|2 

l-a„+iz 



+1 



+1 



and therefore 

Recall that ^'(0 = 
this, we obtain 

^^' = 

l^^n+ll 

which achieves the proof. 



1 - an+iz\ 

" 1 I 19 

1 - |a„+i|^ 



Cn+l/n+10»-t+l 



-Bn + Cn+l^n/n+1 



^1 - - a.e. on T. Combining all 



1 - l/n. 



+1| 



\an+i\ 



|i-C 



□ 
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3. Weighted L^-convergence of Schur remainders 

The material reviewed so far is known, and it is meant as a preparation 
for the forthcoming results which are new. As we start doing analysis rather 
than algebra, the assumptions ([03]) and (I(m]) - (|(n3]) or (flTTil) . (fOTS]) . will 
start playing a key role. 

We begin quoting a lemma which is jlO^ Theorem 9.7.1]. 

Lemma 3.1. Assuming ()0.3p . we get in the weak-* convergence of measures 

(*) — lim — j-^—r^dm = dfi. 

The two theorems below address the L^-convergence of Schur remainders 
under different assumptions. Recall Acc{ak) is the set of accumulation 
points of (ofc)- 

Theorem 3.2. Let (jO.Sp be in force and lim^ \ak\ = 1- Assume that (jO.lip - 
(10131) hold. Then 



(3.1) 



lim / \fk\^P{.,ak)dm = 0. 



If (ok) accumulates nontangentially on Acc{ak) H T, then one can replace 

(linn) and (Km|) with mm . 

Proof. It is enough to prove (j3.ip for any subsequence (anfc), converging to 
a £ Acc{ak). For simplicity, the subsequence is still denoted by (ofc)- 
By Theorem 12.71 we get 



I'/'nl V(l + l/nl' - 2Re{Cn^fn)) = (1 " \fn\^)P{., 

Yn 

and, consequently. 



\fn\ 



Pi; an) 



IV' 



+ 



2\d)n\^fl'Re{(:n^fn) 



P(.,a„) + |(^„|V P(.,a„) + l-Z-nlV 
Hence, we obtain 

|/n| 



Since Cn(Q^n) = Oj we get by harmonicity 



J Re {cJ^fr^j P{-, an)dm = 0, 



and 

\fn\^P{.,an)d'm 
Obviously, 



P{.,an)-Mli' 



TP(.,a„) + |(/>n|V 



-[l-Re[ Cn—fn P{.,an)dm 



< 2 



and we get 

(3.2) / \fn\^P{.,an)dm<2 [ 
Jt Jt 



2|</'n|V 



P(.,a„) + |</.„|V 



P(., an)dm. 
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Let 



^ ^ ^ ^'^-p(.,a.) + |0.|V' 

Using that 4x^/(1 + x)"^ < x for x > 0, we deduce 

< / \6J'^ii.'P(..n,„)-'^P(..n„)dm. 



< [ \cf>n\^fi'P{.,a„)-'P{.,an)d^ 
JT 

= / \4>n\'^fJ-'dm < / |(/)„p<i// = 1. 
Jt Jt 

Therefore, by the Schwarz inequahty, it follows that 

(3.4) J^gnPi.,an)dm< (^J^glP{.,an)dmY < 1. 
Furthermore, again by the Schwarz inequality, 

< (^j^gnP[.,an)dmj'^ Q ^ (^^^^^1^ + ^'^ P(.,a„)(im 

Recall that the ORFs {4>k)o<k<n are orthonormal in ^-^^^^^jj^dm^ and, 
consequently, 

Jt \9nr Jt 
for f £ Cn + J~-n- Obviously, P{z, an) = z/{z — an) + OLnzj (1 — a„z) lies in 
the latter space and 

(3.5) I P{.,an)^j^dm= [ P{.,an)dfi. 

Jt \(Pnr Jt 

Using (|3.5p . we arrive at 

(3.6) J y/Jj/P{.,an)dm < gnP{.,an)drr?j P{.,an)df?j 

Recall now that (««) converges to a G T. By hypothesis, /x' is continuous 
at a and there is no singular component /x^ in a neighborhood of this point. 
Thus, passing to the inferior limit in ()3.6p . we obtain 

" \Jt 



■dm 

1/2 



Moreover, by Fatou's theorem, the same conclusion holds if we assume ()0.14p 
instead of (|0.1ip - ()0.12p provided that (uk) accumulates nontangentially on 
Acc{ak) n T. Therefore, since n'{a) > 0, 

liminf / gnP{-,an)dm > 1. 
Jt 
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Combining this inequality with (j3.4p . we see that 

(3.7) Um / gnP{.,an)dm = lim / 5^P(., a„)dm = 1, 

and subsequently that 

lim / (1 - 5„)^P(.,a„)(im = / P(., a„)dm - 2 lim / gnP{.,an)dm 
" Jt Jt Jt 

+ lim / g'^P{.,an)d'm = 0. 

With the Schwarz inequality and (|3.2p . we finish the proof of the first part 
of the theorem. □ 

Remark 3.3. As a partial converse, (j3.ip implies that \ f\ < 1 a.e. on 

Acc{ak) nT. 

Indeed, observe if |/| = 1 a.e. on E C Acc{ak) H T, \E\ > 0, that = 1 
a.e. on E by Theorem 12.71 The Lebesgue's theorem says that the set of 
density points of E coincides with up to a set of Lebesgue measure zero. 
Comparing the Poisson kernel and the box kernel, we see that the integral 
in ()3.ip cannot go to zero if we pick for a a density point of E. 

A similar convergence holds when the (a^) are compactly included in D. 
The statement below may seem strange, since the Poisson kernel P{.,an) 
is bounded from above and below and therefore superfluous. However, it 
is convenient to prove the theorem in this form to have it team up with 
Theorem 13.21 in order to produce Corollary 13. 5[ 

Theorem 3.4. Let the sequence (a^) be compactly included in O. Then, 
I/I < 1 a.e. onT if and only if 

(3.8) lim / \fn\'^Pi.,an)dm = 0. 

Proof. The "if" part is trivial since \fn\ = 1 wherever |/| = 1, so we focus 
on the "only if" . As a preliminary, notice that if / is an open arc on T such 
that fx has no mass at the end-points of /, it holds that 

(3.9) lim sup [ ^,^7""^ dm < /x(I). 

n Jl \4>nr 

Indeed, in this case, any nested sequence of open arcs Im decreasing to / 
is such that limm/x(/m) = fi{I) = fi{I). Therefore by the Tietze-Urysohn 
theorem, there is to each e > a non-negative function hj E C(T) such that 
/i/ = 1 on I and hidfi < fi{I) + e. Obviously 

Ji \(Pnr Jt \9nr 

and using Lemma l3.ll 

f P(.,an) f 
lim / hi — " dm = / hjdjj. < fi{I) +e. 

" Jt \9nr Jt 
Since e was arbitrary, this settles the preliminary. Next, define g„ as in 
(|3.3p . Arguing as in the previous theorem, we see that equation (|3.4p still 
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holds. Now, it is enough to show that the conclusion of the theorem holds 
for some infinite subsequence of each sequence of integers. Thus, by Helly's 
theorem, we are left to establish (j3.8p along a subsequence such that 
Qfrij. — )• a S Acc{ak), a G D, and having the property that converges 
to 5 S L°°(T) in the *-weak sense. Clearly < g < 1 for the same is true 
of Pick ^ G T a Lebesgue point of both g and /x, and let (1^) be a 
nested sequence of open arcs decreasing to {^} such that fj, has no mass at 
the end-points of any 1^. For each m, by the Schwarz inequality. 



Passing to the limit in (|3.10p as — )• oo and using ()3.9p . we obtain 
/i'dm < ( — — r I gdm\ ( ~^~tt~t' ^ — TT — T / ^'^"^ 



|-^m| y/,„ Vl^ml / \2 \Iin.\ 2|/i 

Letting now m — )■ oo yields 

(3.11) 7^7(0 < yW) + ^^'(O) < 

By Lebesgue's theorem almost every ^ G T satisfies our requirements, and 
from our assumption that |/| < 1 we have ^' > 0, a.e. on T. Conse- 
quently 5 > 1 by ()3.1ip hence in fact g = 1, a.e. on T. Recalling that 
lim„P(.,a„) = P(.,a) uniformly on T, we obtain ()3.7p from ()3.4p and con- 
clude as in Theorem 13.21 □ 



Corollary 3.5. Let ([03]), (laTT]) - ([033]l hold and \f \ < 1 a.e. on T. Then 

lim / \ fk\''Pi.,ak)dm = 0. 

When (ofc) accumulates nontangentially on Acc{ak)riT , assumptions (|0.1ip - 
(|0.12p may be replaced by (|0.14p . 

Proof. It is readily checked that Theorems 13.21 and 13.41 remain valid for 
subsequences. If the corollary did not hold, it would contradict one of them. 

□ 



A closer look at the proof of Theorem 13.21 shows that assumption (|0.13p 
is not really necessary. If a G Acc^a^) D T and lim^ = a, all we need is 

lim / P{.,ak)dids = 0. 
Jt 

For instance if Hs is a Dirac mass at a and the a/, converge tangentially to 
a, this could still hold. 
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4. Convergence of Wall rational functions An/Bn 

We now discuss different kinds of convergence for the WRFs. This is 
essentially an interpretation of the results in the previous section, except 
that we appeal at some point to Proposition 15.61 and Theorem 15.81 The 
reader will easily convince himself that there is no loophole, i.e. that these 
do not use any result of the present section. 

4.1. Convergence on compact subsets and w.r.t. pseudohyperbolic 
distance. Let us begin with an old result that goes back to [46j. 

Theorem 4.1. Let ([03]) hold. Then ArjB n converges to f uniformly on 
compact subsets o/B. 

Proof. As (An/B n) is a family of Schur functions, it is normal. Therefore 
a subsequence that converges uniformly on compact subsets of B can be 
extracted from any subsequence. Let g be the limit of such a subsequence. 
As {An/Bn)iak) = f{ak) for all < n + 1, /(ofc) = 9{ak) for all k. So, the 
function f — g £ vanishes on (ak) hence it is zero by assumption ()0.3p . 
Thus, / is the only limit point. □ 

Recall that the pseudohyperbolic distance p on B is defined by p{z, w) = 
\z — w\/\l — wz\ and it is trivially invariant under Mobius transforms of B. 

Theorem 4.2. Under the assumptions of Corollaru 1^.51 it holds that 



Proof. The invariance of the pseudohyperbolic distance under Mobius trans- 
forms and relations (|1.3|) and (|1.4|) show that 



P\^^~n~\ = p (to o • • • O T„(/„+i), To o • • • o r„(0)) = /)(/„+!, 0) = 



4.2. Convergence w.r.t. the hyperbolic metric. In the disk, the hy- 
perbolic metric is defined by 



Here is an analogue of the "only if part of Theorem 2.6 from |22j . 
Theorem 4.3. Let (ffUTTl - IICm]) he in force, and G (S). Then 



Lf (ak) accumulates nontangentially on Acc{ak) H T, then it is enough to 
assume instead of (jO.lip and ()0.12p that (|0.15p holds. 

Proof. We already saw that p{f, An/ Bn) = \ fn+i\ whence 





Corollarv 13.51 finishes the proof. 



□ 



(4.1) 





(4.2) 
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By Theorem 12.71 

(4.3) ICPISH'"""^'' 



1-l/n 



1 



1 1 _ /■ £sl f I 
I ^ '^n J,* Jn\ 



a.e. on T. If g( is a Schur function, then 1 — g £ and Re {1 — g) > 0, 
therefore 1 — 51 is an outer function in //°°(B) (see [TH], Corollary 4.8). 
Consequently, 

/ log |1 - g\'^P{.,an)dm = log |1 - 5f(a„)p, 
and, putting 5 = Cn^fn, we get 

/ log|l-Cn^/n|'P(.,an)dm = 0. 

Using the previous equality and ()4.3p . we see that 



log ( ""^f ) P(^,a„)dm(e) 



1 - |anp 



log(l-|/„|2)P(^,a„)dm(e). 



Since log |(/>*|, log \ S\, and log |1 — a„^| are harmonic in ID, we continue as 

(4.4) log(K(a„)l'|5(«n)P(l - lonP)) = I log(l - |/„|2)P(.,a„)dm, 

JT 

and, by Theorem 15.81 to come, we deduce that 

(4.5) lim / log(l - |/„|2)P(., an)dm = 0. 

" Jt 

Since log(l + x) < x for x > —1, we have 

< |/„|2 < -log(l - \fn?), < log(l + |/„|) < \fn\. 

Therefore, by the first inequality above and ()4.5p . 

lim / |/„pP(.,a„)dm = 0. 
" Jt 

From this, with the help of the second inequality and the Schwarz inequality, 

lim / log(l + |/„|)P(.,a„)dm = 0. 
" Jt 

Since log(l - l/^P) = log(l - |/„|) + log(l + |/„|), we now see that 

lim / log(l - |/„|)P(.,a„)dm = 0. 
Jt 

Referring to (|4.2p . we finish the proof. □ 

4.3. Convergence in L^(T). The next theorem follows easily from Corol- 
lary [33J We begin with 



Lemma 4.4. For z ^T, we have 



\fn+l{z)\ 



< 2|/„+i(z)|. 



Proof. The equality follows from ^n+i/n+i = i^n - Bnf)/ (/A* - B*) which 
is inverse to (|1.9p . The inequality follows because / and An/Bn are Schur. 

□ 
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Theorem 4.5. The limiting relation 



(4.6) 



lim 



An 

B„ 



P{.,a 



71+1 



I dm = 



holds in the following cases: 

(1) if p > 2 under the assumptions of Corollaru [X 

(2) forl<p <oo if Acc{ak)r\T = and \ f\ < 1 a.e. on T. 

Proof. This is immediate from Lemma [4.4t Coronarv l3.5^ the fact that |/n| < 
1, the existence of pointwise a.e. converging subsequences in L^-convergent 
sequences, and the dominated convergence theorem. □ 

4.4. Uniform convergence. When fi is sufficiently smooth, the previous 
L^-convergence is uniform. 

Theorem 4.6. Let ()0.3p hold and dfi = fj,'dm be absolutely continuous on T. 
Assume that fi' G VFi-i/p,p(T) with p > 4. If fi' > on some neighborhood 
0{Acc{ak) nT), then 



(4.7) 



hm 



/ 



Br 



x/P(.,a„+i) 



0. 



Proof. From (|0.4p and ()2.15p . one easily computes 



f{z) - An/Bn{z) 



'z{l+F^{z)){rn+x{^) + <t>UMy 

Besides, we observe from ()2.1ip that 

|C+l(^) +^n+l(^)|^ = |0n+l(^)|^ + \'^*n+l{z)\^ + '^P{z,an+l), Z(^T. 

From this and the fact that ReF^ > 0, we obtain on T that 



|(/ - An/BnUP{.,an+i)\ < ^/2 - C+il- 

Observing that ji' is continuous on T since p > 4, we may apply Corollary 
15.141 to the effect that F^cj)'^ — ■0* converges to zero uniformly on T. □ 



5. A SZEGO-TYPE PROBLEM 

In this final section, we study the asymptotic behavior of ORFs looking 
for an analogue of the Szego theorem in the rational setting when (afc) 
may approach T. The results are of a novel type and, we hope, worthy for 
themselves. We need them also to complete the proofs of Theorems 14.31 and 

5.1. Preliminaries. With vr^ defined as in (j0.9p . we denote by Vn (d;u/|7r„p) 
C LP' ((i;u/|7r„p) the subspace of polynomials of degree at most n. The space 
(d/i/lvr^P) is the closure of all polynomials in ((i/i/|7r„p) . The repro- 
ducing kernels of (d/i/|7r„p) and Vn (t^/^/l^rnP) , are denoted by En and 
Rn, respectively. Since there will be several measures involved, we indicate 
the dependence in square brackets when necessary. For example, we may 
write , [/i] , i?„ [/x] , or ^[/x], see (j0.16p . We also put d^n '■= dfi/\-Kn\'^. 
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Proposition 5.1. Let fi € (S) be absolutely continuous. Then, 



The proof is straightforward and stems from the density of polynomials 
in (d/i/|7r„p), the Cauchy formula, and the identity |5p = fi' on T. 

Proposition 5.2. The following identity holds: 

/'c; 1 \ l„ J,* I \Rn{-i Ctn)| 

(5.1) Fn(pnl ~ 



\\Rn{-,Oin)\\L2{dii„) 

Proof. Let Pn-i be a polynomial of degree at most n — 1. As is orthogonal 
to Cn-i, we have 

-Pn-l 



■n 



dfi = 0. 



On the other hand, since (pn = (0n)* and 1/t = t on T, 



T TTn-l J J " t"vr„(t) 7r„(t) 



kn(t)| 



2 • 



As t^^'-^pn-i ranges over whenpn_i does, vr„(/)* is ;U„-orthogo- 

nal to every polynomial of degree < n that vanishes at a„. This is also true of 
Rn{.,an), hence 7r„(/)* and Rn{.,an) are proportional. Since the right-hand 
side of (|5.1|) and 7r„0* have unit norm in Lp'^d^n)-, we are done. □ 

In the following corollary // is not necessarily absolutely continuous. 

Corollary 5.3. For /x G (S) and n > 1, we have that 

(5.2) |C(a„)n5(a.)p(l - \a^\') = ^f"^""'""^ , < 1. 

Proof. By elementary properties of reproducing kernels, we get 

\\Rn{■,an)\\l2(^a^ln) =Rn{an,an), and \\En{;an)\\l2^a^,„) =En{an,an). 
Therefore, from Proposition 15.21 we obtain 

I / \ J.* /■ \\2 \Rn{o!n,an)\ j-. , n 

F„(a„)0„(a„)| = — — ---2 = Rnyan-, "n) 

||>tn(-,an)|li2(^^^) 

hence the equality in (|5.2p from the formula for £'„[/Xac] in Proposition 15.11 
Observing now that IMIlz^,^^^^) < ||.||l2(^^), we get a contractive injection 

C {dfiac/\^n?) , 

from which it follows easily that En[^]{w,w) < EnlfJ-adiw , w) , for w S D. 
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Since Rn{-, On) is the orthogonal projection of En[fj]{., an) on Vn (c^/^/l^rnP) 

Il^n(-,an)|li2(rf^^) < ||S„M(.,an)|li2(rf^^), 

and therefore 



En[fJ'ac]{an,an) -En [/x] (c^n, On) 

as desired. □ 

It is a well-known theorem of Beurling that \18\ Ch. II, Theorem 7.1] that 
functions of the form Sp, with p a polynomial, are dense in i?^(D) when S 
is outer. We shall need a local refinement of this result (compare to \18\ Ch. 
2, Theorem 7.4]) where, in addition, polynomials get replaced by functions 
in £„. 

Lemma 5.4. Let (jOSD hold and O be open in T. Let S G i?2(D) 6e an 
outer function which is continuous on O with \S\ > 5 > Q there. Then, to 
every compact K C O, there is a sequence of rational functions Rm S Cm 
such that 

(i) ||1 — RmS\\ as m ^ oo, 

(a) the functions 1 — RmS go to zero uniformly on K . 

Proof. Recall that logl^l G L^(T) and put u„ = minjon, — log IS*!}, where 
On > tends to +oo so fast that 

(5.3) ^(^l-exp(^y(n„ + log|5|)(im^^ < oo. 

Let Sn be the outer function such that |5„| = e"" on T, normalized so that 
Sn{Q) > 0. Then Sn G i/°°(B) and \SnS\ < 1 on T with = 1 on O for 

n large enough, therefore we can write 

(5.4) SSn{z) = exp I / i±ilog|55„| dm{t)\ , 




showing that SSn extends analytically across (D to an analytic function Gn 
on C\ {T\0). Moreover, (G„) is a normal family since | log \Sn\\ < \ log I^H 
on T. Besides, expanding ||1 — 5„5|p and using (|5.3p . we obtain 

oo oo 

(5.5) Ill - ^"-^ll' ^ 2 ^(1 - 5„(0)5(0)) < oo 

n=0 n=0 

so that, by the Borel-Cantelli lemma, SSn converges to 1 a.e. on T. Then, 
by normality, SSn converges to 1 locally uniformly on O. 

Next, fix a compact K d O and let Sn,r{z) := Sn{rz) for < r < 1. 

since Sn G L°°{T) is continuous on O where it 
equals Gn/S, it follows from standard properties of Poisson integrals [T8| 
Ch. 2] that Sn,r converges to Sn boundedly pointwise a.e. on T and locally 
uniformly on O as r — t- 1. In particular, Sn,rS converges to SnS in L^(T) 
for fixed n as r — t- 1. Hence to each n there is r„ such that, say, 

||1 ~ "STiir,! 5*11 < ||1 ~ »S'n,5'|| + 2 

SUPf^ \Sn,r„ - Sn\ < l/n. 
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Clearly Sn,r„ li^s in A(B), therefore is can be uniformly approximated on T 
by functions from Ufc£fc since (|0.3p holds. Therefore, to each n, there is an 
integer m„ and E >Cm„ such that 

f l|l - -^mn'S'll < ||1 - 5'nS'll + 2""', 

\ SVLY)K\Rm„- Sn\ < l/n. 

Without loss of generality, we assume that m„ strictly increases with n. 
Now, by (|5.5p and since \SSn\ G L°°(T), the first relation in (|5.6p implies 

oo 
n=0 

whence RmnS converges to 1 in //^(D) as n — )• oo. In another connection, 

|1 - Rmr^Sl < |1 - SnS\ + - Sn\\S\ 

and the second relation in ()5.6p yields that RmnS converges uniformly to 1 
on K when rUn — oo. To complete the proof, it remains to put Rm = Rm,, 
where k is the greatest integer such that <m. □ 

5.2. An a priori bound on ORFs. We derive in this subsection a priori 
estimates for ORFs akin to the classical bounds for orthogonal polynomials 
pnl Ch. 4, Theorems 4.6, 4.8], [M Ch. 12, Theorem 12.1.3]. These in fact 
are new even in the classical polynomial case, as they yield information in 
cases where vanishes, thereby generalizing some of the results from [40] . 
Their proof rely on basic properties of the Sobolev spaces W^'^\^). For 
1 < p < oo and C C an open set with boundary (90, recall that 

W^^^m = {/ G LP{n) : WfUvi^n) + ll/'llL.(n) < oo}, 

where the derivatives are understood in the distributional sense. If 517 is 
piecewise smooth and P indicates the space of C°° functions with compact 
support in C, then the restriction is dense in W^'^{^). For g G VK^'P(r2) 
and {gn) a sequence in P|q converging to 5, one can show that the trace of 
g-n on converges in W'^^'^^^''^{Q), see ()0.19p . This allows one to define 
the trace of g £ W^'^{Q) on dil as a member of W^-^/P'P{dn). With this 
definition. Stokes' formula holds for Sobolev differential forms just like it 
does for smooth ones. 

We put T] = X + iy and use the standard notation 

^_l/^_.^\ 

dr] 2 \dx dy J ^ df) 2\dx dy J ' 

The usual rules of differentiation apply to d/drj, d/dfj, and the relation 
dV/dfj = means that V is analytic. We need a function-theoretic lemma. 

Lemma 5.5. Let I C T be an open arc and 0, C O an open set such that 
UnT C I. Ifg£ H'^iB) is such that g\i E I^i-Vp.p(/) for some 1< p < 00, 
then g\n € W^'P{n). 

Proof. The restriction g\i extends to a function h S W^~^/P'P{T) [H 7.69]. 
By standard elliptic regularity, there is a harmonic function U G W^'P{B>) 
such that U\j = h, where the trace is understood in the Sobolev sense [12j . 
Any harmonic conjugate V of U in turn belongs to ly^'^'(B) for dV/dfj = 
idU/df] by the Cauchy-Riemann equations. Hence the analytic function 
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F = U + iV lies in Ty^'^(D), and it follows from the definition that Firr]) — )• 
F{ri) in PF"'^'P(D) as r — )• 1~. Thus by the trace theorem, the restriction 
of F to every circle T,. centered at of radius r < 1 has W^^'^^^^'^iT^r) 
norm at most C||-F||^i,p(d) for some constant C [H 7.39]. A fortiori then, 
F G H^{p) and its Sobolev trace on T must coincide with its nontangential 
limit. Consequently g — F \s //^ (D)-function which is pure imaginary on 
/, therefore it extends analytically by reflection across /. In particular g — F 
is smooth on a neighborhood of Q and g = F + [g — F) lies in W^''^{Q,). □ 

Our a priori bound will depend on the connection between (pn, ipn and 
Un defined in (|2.9p . By Proposition 12.41 zun{z) = F^(z)((/>n(2))* — {i^n{z))* 
for z G T. Multiplying by (j)n and taking real parts, we get for z G T 

^l' {z)\(j)n{z)\'^ = Ke{{iln)*{z)(j)n{z)) + RQ{z(i)n{z)Un{z)) , 

and a short computation using (|2.1ip gives us 

Un{z) 



fl {Z)(f>n{z) 



fi'{z)P{z,an) + 



2 



Thus, either \fi'{z)(l)n{z)\ < \uniz)\ or \n'{z)(j)n{z)\'^ /4: < n'{z)P{z,an) + 
\un{z)\'^ / A. Therefore, for z G T, 

(5.7) fi'\z)\Mz)\^ < \Mz)\^ + f^'{z)P{z, an). 

Proposition 5.6. Let /i G (S) and I C T be an open arc disjoint from 
supp/^s- Assume that S G W^~^^'P''p{I) with 4/3 < p < oo. Then, to each 
compact K C I, 

i) there is a neighborhood 0{K) in I such that Un\o{K) S W^~^^"''"'{0) 
for 1 < 7 < 4p/(p + 4), with norm depending on fi, K , and 7 only, 
ii) If moreover p > 4, then |n„| < C on 0{K) and Un G Hs{0{K)) for 
< s < (p — 4)/2p, where C and the Holder constant depend on fi, 
K , and s only; in particular, from (|5.7|) . we obtain for ^ G -fC 

(5.8) ^i'\0\4>nm^ <c + ^l'p{i,an). 

Proof. We may assume that K ^T, otherwise the conclusion follows upon 
writing T = KiUK2. Let J = (e^^i , e*^^) be an open arc compactly included 
in / and containing K. Fix < e < 1 and consider the radial segments 
ci := [e*^i,(l +e)e*^i], C2 := [(1 + e)e*^2^ e*''^]^ ^nd the circular arc C3 = 
{(1 + e)e*^ '■ Oi < 6 < 62}. Let C = ci U C3 U C2 be the open contour joining 
e*^i to e*^2 . Orient the Jordan curve P = C U J counterclockwise, and let 
Jli denote its interior. Put il = {zGl[D;l/zG ili} for the reflected set. 
Lemma [531 implies that S G W^''^{U), hence G{z) := S{l/z) and H{z) := 
S{l/z) belong to W^'P{ni). By a classical estimate [ISl Theorem 5.4], H'^{B) 
embeds continuously in L'^(D) for 2 < /3 < 4. A fortiori then, S G Lf^{Q) 
whence G,H ^ L^{Q,i) by reflection. In particular, from the Leibnitz rule 
and Holder's inequality, it follows since p > 4/3 that GH{z) = \S{l/z)\'^ lies 
in Ty^'"(Oi) for some a > 1. Pick z ^ Q.i and apply Stokes' theorem on P 
to the differential form GH {r]){(f)n)*{ff) / {rjiri — z)) drj: 

JcuJ V rj-z Jn^ V-z V 
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where we took into account that H{(j)n)*{Tj) / {^^{rj — z)) is analytic on ili, 
since H and {4>n)* are analytic on C \ D while 0, z ^ Oi. 

As GH{^)dS,/^ = idfi{S,) on J because supp/ig n / = by assumption, we 
deduce from and that, for z e B 



(5.10) 



7^1 - ^ 



On any 0{K) where z remains at strictly positive distance from T \ J, 
the first integral in the right-hand side of ()5.10p is uniformly bounded and 
smooth by the Schwarz inequality because ||(</'n)*||L2((i^) = 1 (recall that 

\{(t>n)*\ = \(t>n\ on T). 

Next, since cfinS G i/^(D) and ||</'n'S'|| = ||0n||L2(^^^^) < 1, it follows from 
the Fejer-Riesz inequality |16|. Theorem 3.13] that the L^-norm of (f)nS over 
any diameter of D is at most l/\/2. Also, the L'^-norm of (pnS over the 
circle centered at zero of radius 1/(1 + e) is less than 1. Hence, by reflection 
across T, the L^-norm of H{<pn)* on C is uniformly bounded. Moreover, 
since G E W^'^{Q,i), the trace theorem implies that its restriction to C lies 
in W^~^^^'^{C). By the embedding theorem for Besov spaces [H Theorem 
7.34], this restriction belong^ to Lp/(2-p)(C) if p < 2, to each L'?(C) with 1 < 
q < oo if p = 2, and it is bounded if p > 2. Thus from Holder's inequality, it 
follows since p > 4/3 that the L^(C)-norm of G\c it at most C||G||vi/i>p(r2i); 
where C is a constant depending only of p and C. Consequently, by the 
Cauchy-Schwarz inequality, the second integral in the right-hand side of 
(|5.10p is uniformly bounded and smooth on any 0{K) remaining at positive 
distance from C. 

We turn to the third integral, which is taken with respect to two-dimensional 
Lebesgue measure since d-q A dfj = —2idxdy. For z G f^i, observe that the 
function 

V{z)= [ ^^dT]Adfi 
Jn^V-z 

lies in VF^''''(J7i) whenever v G L'^{Q,i) with 1 < 7 < 00. Indeed, if d is the 
diameter of fii, it holds that ||^||L^(r2i) ^ 6^11^11/^7(01) IS Theorem 4.3.12] 
while the distributional derivatives dV/dz and dV/dz equal respectively to 
V and the restriction to Qi of Sv, where v is the extension of u by to 
the whole of C and S indicates the Beurling transform [6l Theorem 4.3.10]. 
Since the latter is a bounded operator on L'^{C) |6l, Theorem 4.5.3], it follows 
that V £ W^'^{Qi) with norm depending on Jli and ||w||i7(Oi)- Apply this 
to 

r/ or] 

so that V becomes the third integral in ()5.10p . up to the factor —2i. On 
the one hand, G E W^'P{ni) so that dG/df] £ LP{fli). On the other hand, 
we pointed out already that //^(D) embeds in L^(D) for 2 < ^9 < 4, hence 
the L'^(il)-norm of (pnS is uniformly bounded and so is the L'^(Oi) -norm 



-'^It belongs in fact to the Lorentz space L''^^^ ^^'^(C) that we did note introduce; the 
latter is included in L^^^^~^\C) because p < p/(2— p) since p > I, see [471 Lemma 1.8.13]. 
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of H{(j)n)* by reflection. Therefore by Holder's inequality, v £ L'~'{Qi) with 
1/7 = 1/p + 1/(3. As p > 4/3, this allows us to pick 7 arbitrarily in the 
range {l,4p/{p + 4)), and assertion i) now follows from the trace theorem. 

If p > 4 we can pick 2 < 7 < 4p/(p+4), so assertion ii) is a consequence of 
()5.7p and the fact that W^~^^'^''^{I) embeds continuously in Hi_2/-y{I). □ 

The importance of the above proposition lies with the fact that the bounds 
are independent of n and (a^), except for the presence of P(.,a„) in (j5.8p 
(which reduces to 1 in the classical case). 

It is useful to know conditions on = jS'p for Proposition 15.61 to apply. 
Here is a simple criterion. 

Lemma 5.7. Let 1 < p < 00 and fi € (S). For I C T an open arc, 
if fi'\i G VF1-Vp.p(/) and < 6 < fi'{t) < M < 00 on I, it holds that 
S'Ij G W^~^^P'P{J) for each relatively compact subarc J C I. 

Proof Let f G H^i-Vp.P(Tr) coincide with fi'/2 on / with < 5' < ip < 
M' < 00; such an extension is easily constructed by reflexion across the 
endpoints of /, see [211 Theorem 1.5.2.3]. As ip > 6' > 0, we get that logcp G 
^i-i/p>P(^/^ for log is Lipschitz continuous on the range of p. Therefore 
H = log ip + i(log p) G W^~^^P'P{T), and so does Si = exp H because exp is 
Lipschitz continuous on the range of H since p < M' . Now, is an outer 
function having the same modulus as S on /, therefore we see as in (j5.4p 
that S/Si extends analytically across /. This entails that S G W^-^/P'P{J) 
whenever J is relatively compact in /. □ 

It is straightforward to check that the product of bounded W^~^^P'P{I)- 
functions again lies in W^~^^P'P{I). Thus if //' satisfies the conditions of 
Lemma \5.7\ then the conclusion still holds for //^(t) = /J.' {t)IljLi\t — tj]"^^ 
where ti, . . .t^ G / are distinct, and either Xj > 2 or Xj > 2{p — l)/p for 
all j, because the (normalized) outer function with modulus \t — tjS^^I"^ is 
just (t — tj)^i^'^, where the branch of the power Xj/2 is positive for positive 
arguments. For instance (i//(^) = |1 — ^pdm(^) provides us with an example 
for which (|5.8p holds uniformly on T although /u'(l) = 0. 

5.3. Convergence of ORFs for Szego measures. In this subsection, 
we assume as always that /x is a finite and positive measure with infinite 
support on T, but we no longer require it has unit mass. The ORFs and the 
associated Caratheodory and Szego functions are defined as before. Because 
multiplying // by A > results in the multiplication of (pn by A~^/^ and of 
S by A^/^, the results below are invariant under such scalings. 

Observe that, similarly to the classical situation, the ORF solves the 
extremal problem 

(5.11) max {I Bn-l H h anflBo]. 

We denote the value of the problem by = '^nM, i-G. Hn = 
The extremal property ()5.1ip can also be recast as 

(5.12) = miri ||^„||^, 

where the extremal value is uniquely attained at = (/>*/(/!)* (a^). 
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The Szego-type theorem we shah prove deals with the asymptotic behavior 
of K„ as n — )• +00, which entails further asymptotics for . 
The statement is as follows. 



Theorem 5.8. Let ([03]), (lOTTD - daTSll he in force, and n E (S). Then 
(5.13) lim |C(a„)|2|S(a„)|2(l - |a„|2) = 1. 

n 

If (ofc) accumulates nontangentially on Acc{ak) H T, then one can replace 
relations (jOTT]) and (laT2]) with (jaT5|) . 

The proof of Theorem 15.81 requires several steps. We first look at smooth 
measures. 

Proposition 5.9. Assume (jO.Sp holds and fi G (S) is absolutely continuous. 
If there is an open neighborhood O of Acc{ak) H T where fi' > 5 > with 
fi' £ W^^^^P'^lI) for each component I of O , p > 2, then ()5.13p is valid. 

Proof. Since Rn{., a™) is the orthogonal projection of En{.,an) on Vn{d^n)-, 
Rn{., otn) is a polynomial of degree at most n and the minimum 

min \\En{.,an) -Pn\\L^[d^l„) 



is attained exactly for pn = Rn{-, a™)- But 

1 7r„(Q„) pn{t)S{t) 



\En{.,an) -PuWh^df^r.) = 



(5.14) 



mm 

Pn&Vn 



1 - otnt 5(a„) 7r„(t) 

Pn{t)S{t) 



dm{t). 



Hence, the polynomial Pn minimizing 

1 

l-a;^t TTn{t) 

provides us with i2„ (.,«„) through the relation 



5(a„) 



In view of (j5.2p . we write 

(5.15) |C(«n)|'|5(a„)|2(l-|a„|2) 

We also have for every polynomial pn 



P. 



n ) 



1 



Pn{t)S{t) 



1 - a„,t 



■^n{t) 

n I 

T^n-l{an) 



Pn{t)S{t)\ 



7r„_i(a„) 



1 



T^n~l{t) J t-ar, 
1 ^Pn{an)S{an) Pnit)S{t)\ 1 



t- a. 



+ 



vrn-i(an) 



7rn-i(i) J t - an 



Consequently, 



1 



Pnit)Sit) 



1 - ant 
(5.16) 



vrn(t) 



Pn{an)S{an) 



vrn-i(an) 



Or, 



+ 



Pn{an)S{an) _ Pn{t)S{t) \ 1 
T^n-l{0!n) vrn-l(t) J t - On 



32 



L. BARATCHART, S. KUPIN, V. LUNOT, M. OLIVI 



Thus, if there is a sequence of polynomials (pn) satisfying 



(5.17) ^ 

then we also have (see (|5.14|) ) 



1 



1 



Pn{t)S{t) 



1 - ant 



and by (fOH]) 



lim 



7rn(t) 



n ) 



1 - \oir, 



1 - |a„| 



1. 



n Vrn_i(Q„) 

In this case relation (|5.15p gives us the desired limit (|5.13p . 

Note that is bounded on each component / of O, since W'^^'^^^'^^) 
consists of continuous functions for p > 2. Hence S is continuous on O by 
Lemma 15.71 and meets the assumptions of Lemma 15.41 Let -ftT be a compact 
neighborhood of Acc{ak) included in O and Rn € >C„ be the sequence of 
rational functions given by the lemma. Put i?„ = Pn/T^n- As ||1/(1 — 



ant)\Y 



1/(1 

1 



\OLr. 



we get 



Pn-l{t)S{t) 



1 - O-nt 



< 



+ 



sup 

teT\K 



1 



1 - ant\ 



1 



Pn-lS 



Or, 



Pn-lS 



2 



Since K is a neighborhood of Acc{ak), the above supremum is bounded 
and the first summand in the right-hand side of the equation goes to zero 
as n — )• oo by the properties of Rn- As to the second summand, it is 



o(l/(l 



Or, 



')) since Rn-iS converges to 1 uniformly on K. Therefore the 



sequence (pn-i) satisfies (|5.17p whence (|5.13p holds. 



n 



The assumption on fi' was only to ensure that S is continuous on C If 
this is known to be the case, it is not needed. 

The next proposition will sharpen Proposition 15.91 in that it allows fi to 
have a singular part. We need a preparatory lemma. 



I-Rnol < 2 + e on T, 
|1 — Rno \ < e on T\U, 



Lemma 5.10. Assume (|0.3p holds and let ii^ C T, |£^| =0, have an open 
neighborhood U inC such that U H Acc[ak) = 0- Then, to every e > Q, there 
exists an integer no and Rn^ £ Cn^ such that 

(^) 
(n) 

(Hi) \Rno \ < e on E, 

Proof. Since E = supp fig has Lebesgue measure zero, one can find g G ^(B) 
such that 5- = 1 on and l^l <l onM\E, cf. [JHl Ch. 3, Exercise 2]. Pick 
m so large that \g'^\ < e/2 on B\U. Since holds and (1 A(D), 
we can find no and Rn^ G £no such that \ \ — g^ — Rn(\ < s/2 on D. □ 

We also take note of the identity 



(5.18) 



F^ = s[^A/s[^, 
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where Jl is the Herglotz measure of see (j0.4p . Indeed, since Carathe- 

odory functions are outer, both sides of (j5.18p are outer functions, positive 
at 0, with equal modulus a.e. on T as can be readily computed from (jO.Sp . 



Proposition 5.11. Assumptions being as in Proposition \5.9l except that fi 
may now have a singular part satisfying (|0.13p . we have that (j5.13p holds. 

Proof. In view of Corollarv 15.31 all we have to prove is that 

(5.19) liminf(l - |a„|2)|5(a„)|^K^[^] > 1. 

n 

Assume first that fi' > 6' > on an open set V D supp/Ug in T and that 
the restriction of fi' to each component / of V lies in for some 

q > 4. Then S is continuous on V. Thanks to (jU.13p . we may require in 
addition that V n O = and also, by the compactness of supp/U^, that V 
has finitely many components. Fix a neighborhood W of supp /u^ in T with 
W C V. We can apply Proposition 15.61 to dfiac on each component / of V 
with K = Wnl and deduce from ()5.8p . since W remains at positive distance 
from (ctfc), that each ORF 6j associated with and with any subsequence 
(Pi) of (ofc) is bounded by a constant Cq on W, where Cq is independent of 
j and of the subsequence. In particular, since /x' G L^(T) and \6j\ = \9j\ on 
T, to any e > there is > such that for j G N, C (a/c), 



(5.20) 



dm < e, 



as soon as Wi C W has Lebesgue measure less than rj. 

Pick e > and let Wi C W be an open neighborhood of supp in T 
such that |Wi| < r/. This is possible since | supp /i<j| = 0. Write Wi =l/( CiT 
where U is open in C and U D (a^) = 0. This can be ensured because 
WnAcciak) = 0. Apply Lemma ISTTOl with E — supp /ig , and let Rno ^ 
be as in the lemma. Consider the sequence {9j) of ORFs associated with 
duac for the truncated sequence Pi = a^+np, / > 1. Hence for n > no, we 



n—no 



("n)| 



"n—no 



[l^ac] where the prime in k^_„„ [f^ac] indicates 



have that \9, 

that we work with the truncated sequence {ak)k>no- By (|5.12p . we get 



9* R 

■'n-no 



n—no 



{an)R 



no 



IX (t) dm + 



■'n—no-'^no 



n—no 



{an)R 



■no 



d^s 



On the one hand, by properties (ii) and (Hi) of Lemma 15.1^ we get 



(5.21) 



q* p 



(a„)ii„(,(a„) 



^-|^ _ g-j2 ('^n-noif'a-cl) 



On the other hand, by properties {i) and (ii) of the same lemma. 
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Expanding and collecting terms, while using (|5.20p and remembering 



that ||6';^_„J|^„, = 1, we obtain 



■'n—rio-'^no 



(a„)ii„o(a„) 



fi'{t)dm < 



1-e) 



(5-22) + ^^^K-no[^-])"'- 

Since e can be made arbitrarily small, we gather from ()5.21|) and ()5.22p that 
to each e' > there is no such that 

as soon as n > uq. But from Proposition 15.91 we know that 

lim^inf(l - \an\'^)\S{an)\'^ (^n-no Kd)^ > 1, 

so we obtain (|5.19p since e' is arbitrarily small. 

Next, we remove the assumption that /i' > 5' > on V with fi' G W^~^^'^''^ 
on its components, but we suppose that /x' < C < oo on V. Fix a neighbor- 
hood W of supp/is such that W C V. To each t] > 0, pick a neighborhood 
Vrj C W of supp/is satisfying |V,;| < r?. Put d/u^ = fi'^^dm + dfig, where 
n'rjit) = n'{t) ioi t ^ Vri, fi'ri = C on V,j. Being a positive constant on V,j, n'^ 
certainly meets the assumptions of the preceding part of the proof, so ()5.19p 
holds for fir/. Clearly, from ()5.1ip . KnifJ-rj] < Kn[fj] because < ^ir) hence 

(5.23) liminf(l - \an\^)\S[iXri]{an)\^ Kl[^x] > 1. 

n 

Now, let V' be open in C and contain no a^, with V' H T = V. Since 
SMz) = exp ( / i±^log|^7C| dm(t) ) , 



we see by dominated convergence (remember log/i' G L-'^(T)) that S[fi\/ S[firi] 
converges uniformly to 1 in B \ V' as 7/ — )• 0. Consequently ()5.19p follows 
from (fOHD . 

We now address the case where fi' may be unbounded in the neighborhood 
V of supp/x^ but fi' > 5" > there. Since p > 2, S[fi] is continuous on O by 
Lemma 15.71 Observe also that F^^^ = fi' + ifi' lies in W^~^^^'^{I) for each 
component I of O and that F^^ is smooth on /, hence = F^^^ + is 
continuous and bounded on some open neighborhood M of Acc{ak)r]T with 
J7 C O. Moreover > > on O, thus S[J1] is continuous and positively 
bounded from below on J\f by (|5.18p . Similarly > 6" a.e. on V, thus 
ju' = Rel/F^ is bounded there. In addition, supppt^ n = otherwise 
the iif °° (ID))-function e~^^^^' would have a singular inner factor which is not 
analytic across M, and its modulus could not be continuous and nonzero 
on M whereas \F^\ > 5 there [18\ Ch. II, Theorem 6.2]. Therefore we can 
apply the previous case of the proof to Jl with O replaced by M; indeed, 
we know that SlJi] is continuous on M which is enough to proceed by the 
remark after Proposition 15.91 Thus, we obtain for the ORFs of the second 
kind i/jnilA- 

(5.24) lim |V:N(«n)|' \S[man)\^ (1 " !««!') = 1- 



MULTIPOINT SCHUR APPROXIMATION 



35 



Recalling from Proposition 12.41 that tp* [fj]{an) / (p* [fAio^n] = F^iion), we con- 
clude in view of (|5.24p and (|5.18p that (|5.13p again holds. 

Finally, under the sole assumptions of the proposition, let V be an open 
neighborhood of supp in T such that V H O = 0, and V' be open in C and 
contain no Uk, with V'flT = V. Let W be another neighborhood of supp//s 
with W C V. Put dfiir = fi'^dni + dfis with /x^ = /i' + e on W, and fj,'^ = fi' 
on T\W. By what we just proved 

liminf(l - |a„p)|S'[/ie](a„)pK^[^£] > 1, 

n 

and since Knf/^e] < (because > fi) while 

S[fi]/SW] = exp (^j^ ^ log |m7(^' + e)| dm(t)^ , z G D, 

converges uniformly to 1 in ID \ V' as e —t- by the monotone convergence of 
n'/ifi' + e) to 1 a.e. on W, we conclude that ()5.19p holds. □ 

In the course of the previous proof, we noticed that (|5.24p is equivalent 
to (|5.13p . This is worth recording, taking into account that Jl = fi: 

Corollary 5.12. Let fi £ (S). Then ()5.13p holds for /x if, and only if it 
holds for Jl, the Herglotz measure ofl/F^ (see ()0.4p ). 

There are Caratheodory functions, with continuous and strictly positive 
real part on T, whose imaginary part is unbounded. One example \s 2 + ip 
where if conformally maps ID onto {z = x + iy; \x\ < 1/(1 + y^)}, ¥'(0) = 
and (p'{0) > 0, whose imaginary part is unbounded at ±i, see [181 Ch. Ill, 
Sect. 1]. If we put dfi^t) = (2 + Re(^(i))(ii, then 2 + ip{t) = and and 
/I' = is continuous but vanishes at ±i. Letting (a/j) accumulate 

at ibi. Theorem 15.81 will apply to fi and then Corollarv 15.121 will provide us 
with an example where (j5.13p holds although ()0.12p fails. 

Proof of Theorem \5.8[ Let O be the neighborhood of j4cc(afc)nT granted by 
(|0.1ip - (j0.13p . Shrinking O if necessary, we may assume that n' is continuous 
with /i' > (5 > on a neighborhood of O in T. Pick e > and < r < 1 
so that the Poisson integral hr{z) = Pyz * satisfies \hr — /u'| < e on O. 
Let have singular part fis and absolutely continuous part /x^ dm where 
^^(t) = ^'{t) ioTt^O and fi'^{t) = hr{t)+e for t £ O. Then /x' < /x^ < /x'+2e 
on T and /x^ is smooth on O. By Proposition 15.111 we have 

(5.25) limK^ [;x,] |5[^,](a,)|2 (1 - |a„|2) = 1. 

n 

Since k„[/x] > K„[/Xe] because ^ < /x^, we deduce from (j5.25p that 
liminf(l - |a„p)|5(a„)pK^[;u] 

n 

(5.26) > hminf J'^^";^'' (1 - \an\^)\S[fXe]{an)\\l[fie] 



lim inf 



|5'(an)| 



2 



"n"" |5[^£](a„)|2 ■ 
Recalling the inequalities on /x',/x^ given above, we get 

(5.27) \S[!i^']{z)\ = "^""P^^^ * ^"^('"Vm^)) > 1 - 2e/5 
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for z G D, and letting e we obtain (I5J9I1 from (lOel) . (lOTll . With 
Corollary 15.31 we finish the proof. At last, assume that (a^) accumulates 
nontangentially on Acc{ak)r\T and that (j0.11|) . (j0.12p get replaced by (|0.15p . 
Then we can find a sequence of continuous functions ipj > decreasing 
pointwise to fi' on O. Letting d^j = dfis + /J-jdm where /j^'j = ipj on O and 
/x^- = on T \ O, we get from the first part of the proof that ()5.13p holds 
for fij. Since > /i, we deduce as in ()5.26p that for each j 

|2 



(5.28) 



liminf(l — |a„| )|S'(a„)| > liminf 



\S{ar. 



n |S'[^j](a„)|^ 



Without loss of generality, we may assume that (a„) converges to a G D. 
If a S B, the conclusion follows from the fact that S[^j\{a) — )• S{a) by the 
monotone convergence of ji'^ to fi' . If a G T, then by Fatou's theorem 

I^K)P 



lim ■ 



n \S[flj]{an)\^ /ij-(a)' 
which can be made arbitrarily close to 1 since limj f^'j{a) = fj.'{a) > 0. □ 
Corollary 5.13. Let ([03]), (I(m]l - ()(n3]) be satisfied and /i G (S). Then 



(5.29) 



lim 



Or. 



0, 



where the unimodular factors fin o,i"^ defined in Theorem 3' of Section \0.2l 
Moreover, for any sequence (zn) C P, it holds that 



(5.30) lim <^ C(2n)5(z„)\/l-kn|2 - A 



1 OinZ-n 



0. 



If (ofc) accumulates nontangentially on Acc{ak) D T, then it is enough to 
assume instead of ^7n\f - ^7l2\i that ([OT^ holds. 



Proof. Estimating the integral, we get 

2 



5C(z) - A 



1 



OnZ 



< 



\ar, 



1 — anZ 



dm[z) 



2Re ( g / Sct>l{z) 



Or 



= 2(1- 

and Theorem 15.81 vields ()5.29p . Next, let us set 



z - an I 
^\S{an)\man)\), 



-dz \ +1 



kz 

Since \\kzj\ 

liuiniGnjkz 



ZZr. 



Gniz) = 5C(z) - A 



Or, 



OnZ 



1, the relation just proven and the Schwarz inequality yield 
= 0. Expanding the scalar product gives us ()5.30p . □ 



Under the assumptions of the theorem, its conclusions also hold for jl by 
Corollary Elll 
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Corollary 5.14. Let hold and jj G (S) meet (lOlTTl - daTSD . /// is an 

open arc on T, with /Plsupp/is = 0, such that fx' G W^^^/P'P{I) for some 
p > 4:, then F^(j)'^ — ijj^ converges to zero locally uniformly on I. 

Proof. From Corollary 15. 13|, limit ()5.29p holds as well as its analogue for Jl: 



(5.31) lim 

n 

Moreover, it follows immediately from ()5.18p and Proposition l2.4l that I3n[fj] = 
(3n[Jj]- Substracting (j5.3ip from (j5.29p and using (jS.lSp now gives us 

lim \\S[JI\{F^K - rjW = lim H^MC - S[JI\rn\\ = 0. 

n n 

In particular, we get that from any subsequence of Qn := F^cjy'l^ — -i/'j^ one 
can extract a subsequence that converges pointwise a.e. to zero on T. But 
since Qn is equicontinuous on compact subsets of / by Proposition 15.61 ii), 
we deduce from Ascoli's theorem that Qn converges locally uniformly to zero 
on /. □ 
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